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In this article, we consider a model of multiple make-to-order suppliers, which
compete based on their promised sojourn times. A fixed penalty is imposed on
the suppliers for failing the promised delivery time requirement at an agreed
service level. The demand is allocated to the suppliers according to the promised
sojourn times, using either supplier-selection (SS) approach or supplier-allocation
(SA) approach as proposed in Benjaafar et al. (2007, Outsourcing via service
competition, Management Science, 53 (2), 241–259). Their framework and results
are then applied to obtain the competition outcome. It was found that the buyer
can orchestrate the competition to induce the suppliers to offer lower promised
sojourn times and select higher service capacities through restricting the suppliers
to choose promised sojourn times above a certain level. The SS approach is also
found to induce a better service quality than the SA approach. The role of the
penalty level is then addressed. It was found that a higher penalty level induces a
higher service capacity and is always beneficial to the buyer.

Keywords: make-to-order; service quality; sojourn time; supplier-allocation;
supplier-selection

1. Introduction

Third party auction firms and retailers (Bernstein and Federgruen 2005, Marasco 2008)
play an important role in global supply chain. Outsourcing is a major trend in both the
manufacturing (e.g. chip manufacturing) and service (e.g. back-office service) industry.
Kumar et al. (2010) and McIvor (2010) consider outsourcing decision models and
framework that help evaluate the effectiveness of outsourcing, and Chang et al. (2008)
gives a multicriteria method to evaluate the relative efficiency of manufacturing processes.
Among various concerns in outsourcing, supplier selection (SS) is a crucial decision to be
made in a supply chain involving outsourcing. The foremost concern in selecting the right
supplier is usually focused on the quality, because quality is one of the key factors in the
success of the supply chain quality management (Coyle et al. 2008). A shift from the focus
of the service cost to the service quality provided by suppliers can indeed be widely
observed and quality-assurance is therefore becoming more and more important in supply
chain management; see for instance Wu and Kleindorfer (2005). Various studies have been
carried out to study quality-assurance through allocation of jobs in outsourcing, including
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minimising total tardiness in job scheduling (Ruiz-Torres et al. 2008) and inducing high
quality level via demand competition (Benjaafar et al. 2007). In fact, as mentioned in
Benjaafar et al. (2007), large retailers and manufacturers such as Wal-Mart and Dell have
developed sophisticated methods for tracking and rewarding the quality service of their
suppliers. Studies of price and delivery time in the service industry can be found in So and
Song (1998) and So (2000). One important measurement of service quality is the delivery
time. Since quality may refer to ‘the specifications that a user desires in an item’ (Coyle
et al. 2008), in some situations, delivery performance may be so important that it directly
constitutes a large portion of the service quality assessment. For example, in Carvalho and
Costa’s (2007) case study of integrated purchasing decision process, punctuality is one of
the important aspects of overall service level in SS. Also, in Wee et al.’s (2010) empirical
study of supplier management, the capability of delivering on time is found to be of high
importance when the whole of production is outsourced. A Markovian inventory model
(Ching 1998, 2001) for manufacturing systems under delivery time guarantee policies has
been studied. In the delivery time guarantee policy, a fixed guaranteed delivery time is
offered to the customers on each unit of ordered product. This fixed guarantee policy
affects the supplier’s decision of its service capacity.

With outsourcing in a supply chain system, the interactions between the buyer and the
suppliers have to be considered. Game theory (Kaihara and Fujii 2008) can be used in
supply chain models that are more mathematically tractable to derive equilibrium
strategies of suppliers and identify means for the buyer to improve quality. These models
are widely applicable to many areas, including traditional supply chains and supply chains
in newly emerging electronic marketplaces (EMs).

A problem of fixed-price outsourcing from a single buyer to a number of potential
suppliers has been studied by Benjaafar et al. (2007). They examined the supplier-
allocation (SA) and SS approaches to investigate the value of competition for the buyer to
elicit service quality from the suppliers. They concluded that the buyer can indeed use
competition to promote service quality, and the SS approach has a relative advantage over
the SA approach, with this relative advantage depending on the magnitude of demand-
independent versus demand-dependent service costs. One of their suggested applications of
the model is the competition with make-to-order suppliers, with the probability of fulfiling
a quoted lead time as the service level. However, it was assumed in their example of
application that suppliers would commit to the promised service level. The role of a
penalty in such competition setting has not been addressed.

In this article, we consider the competition of multiple suppliers providing service upon
arrival of orders. Each of these suppliers promises a sojourn time (i.e. the time until the
completion of an order). The demand is allocated to the supplier using either the SS or SA
approach. A fixed penalty is imposed on the supplier when the actual sojourn time is
greater than the promised level in more than one order in a batch of a predetermined size.
It is of interest how the buyer should orchestrate the competition to induce a maximum
feasible service capacity from the suppliers, and how the penalty level affects the maximum
feasible service capacity. The framework and results in Benjaafar et al. (2007) will be
applied to obtain the competition outcome. The role and effect of the penalty level will
then be addressed.

The remainder of this article is structured as follows. Section 2 gives a brief review on
the outsourcing model discussed in Benjaafar et al. (2007). In Section 3, we present our
N-supplier model. In Section 4, the supplier’s decision on its service capacity given a
promised sojourn time will be studied. The results will then be used in Section 5 to
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formulate the cost of offering a particular promised sojourn time and the competition
equilibrium is stated. Section 6 studies the effect of the penalty level on the service capacity
chosen in equilibrium. Finally, concluding remarks are given in Section 7.

2. The framework of the outsourcing model

A system of one buyer and N potential suppliers has been studied in Benjaafar et al.
(2007). In their model, the buyer seeks for outsourcing the provisioning of a certain
product/service (with mean demand �) to N identical potential suppliers. The supplier may
realise a revenue of ð p� cÞ for each unit sold, where p is the unit product price and c the
unit product cost. Supplier i offers a service level of si and receives an amount of demand
�i ¼ �i� ði ¼ 1, 2, . . . ,NÞ allocated by the buyer, where 0 � �i � 1 and

PN
i¼1 �i ¼ 1. They

then focus on a special class of cost function as follows. Let f ðsi, �iÞ be the cost that
Supplier i incurs in providing a service level of si when the allocated demand is �i. Then,
we have

f ðsi, �iÞ ¼ �iuðsiÞ þ vðsiÞ ð1Þ

where uðsiÞ and vðsiÞ are both non-decreasing convex functions in si, with at least one of
them increasing in si. The first term in (1) represents the portion of cost that depends on
both the service level and demand, and it is assumed to increase linearly with respect to the
demand. The second term represents the portion of the service cost that is demand-
independent.

They then considered and compared two allocation schemes in inducing higher service
qualities from suppliers through competition: SA approach and SS approach. In the SA
approach, the buyer allocates a proportion of the demand to each supplier, with the
amount increasing in the service level that a supplier offered. In the SS approach, the buyer
allocates all the demand to only one supplier, with the selection probability increasing in
the service level that the supplier offered. Using the cost function in (1), a detailed analysis
was given and conclusions were drawn on how the buyer should elicit a higher service
quality. In particular, conditions for which an equilibrium exists were given and the
advantage of SS over SA was demonstrated in these cases. It was also concluded that the
buyer can induce suppliers to provide a maximum feasible service level by choosing an
appropriate allocation function.

3. The penalty and competition model

In this section, we present our multiple-supplier model. We consider a system of N profit-
maximising suppliers, where N � 2. These N suppliers provide service when the orders
come in. These suppliers can be make-to-order manufacturers as in Benjaafar et al. (2007)
or servers in a queueing system. The arrival process of the customers is assumed to be a
Poisson process with rate �. Each supplier i offers a promised sojourn time ti. Let �i be the
service capacity chosen by supplier i, i ¼ 1, 2, . . . ,N. The service times of supplier i are
assumed to be independent and exponentially distributed with mean ��1i . The actual
service capacity chosen is unobservable, and thus the buyer can only impose a penalty
based on the realised service times of the suppliers. In our proposed model, for every batch
B ðB4 2Þ of orders completed, the supplier is penalised by a fixed amount z if the sojourn
time exceeds the promised level in more than one order.
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Based on the promised sojourn time ti offered by the suppliers, the buyer allocates the
demand to the supplier, either in the SS or SA approach. In the SS approach, one supplier
is selected and all demand is allocated to the selected supplier. The probability that a
supplier is selected, �SSi , decreases with the promised sojourn time ti. In the SA approach,
each supplier promising a finite promised sojourn time is allocated a positive fraction of
demand. The fraction of demand that a supplier is allocated, �SAi , again decreases with the
promised sojourn time ti.

Regarding the cost structure, we assume that a supplier earns a revenue of p� c for
each completed order. The service cost of the supplier is k per unit of service capacity.
We assume that p� c4 k. The suppliers are also assumed to be risk-neutral, i.e. they aim
to maximise their own expected profits.

4. The decision of the service capacity

In this section, we consider the decision on service capacity of supplier i who has promised
a sojourn time t and has been allocated demand of rate �i. Since the service capacity �i of
supplier i is unobservable to the buyer, the supplier can choose any service capacity �i that
will maximise its expected profit. However, we show that the buyer can infer the supplier’s
service capacity from the promised sojourn time that the supplier offers and that, when
sufficiently high, the promised sojourn time can be taken as a reasonable measure of time-
based performance.

If supplier i chooses a service capacity of �i 4 0, then it will incur a cost of k�i. From
standard results of an M=M=1=1 queue (Ching and Ng 2006), when �i 4 �i, the
probability of a customer’s sojourn time being at most t, denoted by r, is given by
r ¼ PðW � tÞ ¼ 1� e�ð�i��iÞt. Here, W denotes the sojourn time of a customer. The
probability that the sojourn time exceeds t for more than one customer in a batch of size B
is given by

1� rB � BrB�1ð1� rÞ ¼ 1� B 1� e�ð�i��iÞt
� �B�1

þðB� 1Þ 1� e�ð�i��iÞt
� �B

:

The total expected service and penalty cost is therefore given by

k�i þ z 1� B 1� e�ð�i��iÞt
� �B�1

þðB� 1Þ 1� e�ð�i��iÞt
� �Bh i

: ð2Þ

We remark that the supplier will not choose any values of �i 5 �i. When �i � �i, the
length of the queue will be infinite with probability one and the supplier will always be
penalised, making the total service cost and penalty k�i þ z. In this case, the supplier will
receive customers at its service capacity �i. Then choosing �i ¼ �i is always better than
choosing any �i 5 �i because the expected profit of the supplier, given by

�ið p� cÞ � k�i � z ¼ �ið p� c� kÞ � z, ð3Þ

is maximised at �i ¼ �i, as we have assumed p� c4 k. Moreover, the expected revenue is
the same for all �i � �i and the expected cost at �i ¼ �i also satisfies the expression for
�i 4 �i in (2). Thus, supplier i will choose the value of �i that maximises (2) for �i � �i.

The cost of offering sojourn time t when demand �i is allocated can be written as

f ðt, �iÞ ¼ min
�i��i

k�i þ z 1� B 1� e�ð�i��iÞt
� �B�1

þ ðB� 1Þ 1� e�ð�i��iÞt
� �Bh in o

: ð4Þ
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To simplify our analysis, we will apply the substitution r ¼ 1� e�ð�i��iÞt to (4). The

decision of service capacity �i is transformed to a decision variable r; the probability that

the supplier will meet the promised sojourn time t when the service capacity �i is chosen.

The substitution will be used throughout this article. The above equation can then be

rewritten as

f ðt, �iÞ ¼ k�i þ min
r2½0,1Þ

kt�1 ln
1

1� r

� �
þ z 1� BrB�1 þ ðB� 1ÞrB

� �� 	
: ð5Þ

Let gtðrÞ ¼ kt�1 ln 1
1�r

� �
þ z 1�BrB�1þ ðB� 1ÞrB

� �
for r 2 ½0, 1Þ. Then, we have f ðt,�iÞ ¼

k�iþminr2½0,1Þ gtðrÞ. We note that gtðrÞ is continuous for r 2 ½0, 1Þ for any fixed t40.

In the following, we will investigate the properties of gtðrÞ for r 2 ½0, 1Þ. In particular,

we are interested in finding the global minimum point of gt over ½0, 1Þ. Setting g0tðrÞ ¼ 0

and rearranging yields

zt

k
BðB� 1ÞrB�2ð1� rÞ2 ¼ 1: ð6Þ

The following lemma gives conditions for which Equation (6) admits one, two or no

solution in ½0, 1Þ. The proof can be found in Appendix 1.

Lemma 4.1: Let � ¼ zt
k and b ¼ BB�1

4ðB�1ÞðB�2ÞB�2
. If �5 b, then Equation (6) has no solution.

If � ¼ b, then Equation (6) admits exactly one solution, at r ¼ B�2
B .

If �4 b, then Equation (6) admits two solutions, r1 5 r2, with r1 2 ð0,
B�2
B Þ and r2 2 ð

B�2
B , 1Þ.

Moreover, r2 is the unique local minimum point of gtðrÞ in ð0, 1Þ.

For r2 to be the unique global minimum of gt over ½0, 1Þ, gtðr2Þ has to be less than both

gtð0Þ and gtð1Þ. This will be addressed in Proposition 4.3. Before doing so, we will present

the following lemma on how r�� changes with �. The proof can be found in the Appendix.

Lemma 4.2: Assume �4 b. Let r�� be the unique solution to Equation (6) in the interval

ðB�2B , 1Þ. Then r�� increases as � increases.

It should be noted that, since � ¼ zt=k, Lemma 2 implies that r increases with t when z

and k are kept constant.
The following proposition states that � has to be above a certain level so that the

suppliers may have incentives to choose a service capacity of �i 4 �i, which yields a finite

expected sojourn time for customers in the equilibrium.

Proposition 4.3: For fixed k, z and B, there exists �0 such that for any fixed �4 �0,
Equation (6) has exactly one solution r�� in ðB�2B , 1Þ and r�� is the unique minimum point of gt
over ½0, 1Þ. Moreover, �0 ¼ ½BðB� 1ÞrB�20 ð1� r0Þ

2
�
�1 where r0 2 ð0, 1Þ is the solution to

ln
1

1� r

� �
�

r

ð1� rÞ2
1

B� 1
�

r

B


 �
¼ 0: ð7Þ

Since � ¼ zt=k, for � to be larger, either z or t has to be larger, or k has to be smaller.

The effect of z can be interpreted as saying that the penalty level has to be high enough to

deter the suppliers from not working properly, and therefore to induce a high service

capacity ð�i 4 �iÞ. Indeed, as r increases with z from the previous lemma and �i increases

with r for fixed t, we know that a higher penalty level z will induce the supplier to choose a

higher service capacity for any fixed promised sojourn time t when �4 �0.
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The effect of t can be explained as follows: when the promised sojourn time t is too low,
the cost of meeting the requirement becomes so high that suppliers will have no incentives
to work at a service capacity higher than �i. However, this does not imply that a higher
promised sojourn time level would be better. The following proposition states that when
the promised sojourn time t is not unreasonably low, i.e. when t4 t, a lower promised
sojourn time will indicate a higher service capacity to be chosen.

Proposition 4.4: Assume that B is fixed. For �4 �0, let �
��
i be the optimal service capacity

chosen by supplier i to minimise its total service and penalty cost. Then, there exists � � �0
such that for t4 t ¼ k�=z, ���i 4 �i and d���i =dt5 0.

This proposition is important in the sense that the promised sojourn time t can be
taken as a reasonable measure of the performance that a supplier offers with t decreasing,
meaning a better time-based performance.

5. Competition of the N suppliers

In this section, we consider the competitive setting in which the N suppliers compete for
demand based on the promised sojourn times they offer. From Proposition 4.4, for a fixed
number of suppliers N and batch size B, there exists a constant � such that a
supplier i offering ti 4 t ¼ k�=z will choose a service capacity ���i 4 �i and ���i is
decreasing with ti. To ensure a service capacity �i 4 �i which is chosen and to achieve
finite expected sojourn times, for fixed k and z, we restrict the suppliers to choose a
promised sojourn time ti 4 t.

The demand will be allocated to the suppliers according to their promised sojourn time,
in the SA and SS approaches proposed in Benjaafar et al. (2007). A supplier will receive a
greater portion of demand (in the case of SA) or be more likely to be selected (in the case
of SS) if it offers a lower promised sojourn time ti. In order to apply their mathematical
framework, a service level in the range of ½0,1Þ that indicates a higher quality with a
higher service level is required. For any promised sojourn time ti 4 t, we define the
corresponding service level to be si ¼ ðti � tÞ�1. There is a one-to-one correspondence
between si and ti, and si 2 ½0,1Þ. This service level is a measure of the time-based
performance offered by supplier i. A service level of 0 corresponds to ti ¼ 1, which
implies that the supplier chooses not to offer service.

Moreover, the cost of offering si, which is the sum of the service capacity cost and the
expected penalty cost, is given by fsðsi, �iÞ ¼ k�i þ vðsiÞ where

vðsiÞ ¼ vtðs
�1
i þ tÞ,

vtðtÞ ¼ min
r2½0,1Þ

gðt, rÞ,

gðt, rÞ ¼ kt�1 ln
1

1� r

� �
þ z 1� BrB�1 þ ðB� 1ÞrB

� �
:

8>>>><
>>>>:

ð8Þ

Proposition 5.1: For si 4 0, vðsiÞ and fsðsi, �iÞ is increasing in si. Moreover, we have
limsi!1 fsðsi, �iÞ ¼ k�i þ z.

In the following section, we will apply the framework and analytical results in
Benjaafar et al. (2007) to our model. Although we cannot guarantee convexity of the cost
function to match the framework of their main results, the reformulation in Section 4 of
their paper can be applied.
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Define the effort of supplier i as ei ¼ vðsiÞ. Since vðsiÞ is increasing in si, there is a

one-one correspondence between ei and vðsiÞ. The competition can then be reformulated

as a competition in which suppliers compete with their effort ei. Here, we consider the

following class of allocation function

�iðei, e�iÞ ¼
e�iPN
i¼1 e

�
i

, ð9Þ

where �4 0. The following proposition states the maximum feasible service level that can

be induced from the supplier with this class of allocation function in SS.

Proposition 5.2: Consider SS competition and assuming that �ð p� c� kÞ5 z. Using the

proportional allocation function in (9), a Nash equilibrium exists for any �4 0. The buyer

could induce the suppliers to exert maximum feasible effort by letting � !1. The maximum

feasible service level sSS 4 0 and minimum promised sojourn time tSS 4 t ¼ k�=z that can be

induced are the solution to

vðsSSÞ ¼ vtðt
SSÞ ¼ �ð p� c� kÞ: ð10Þ

It should be noted that the effort defined here is the demand-independent cost, while

that defined by Benjaafar et al. (2007) in their reformulation for SS is the total service cost.

Our formulation is possible because the demand-dependent cost k�i is independent of the
service level si for any supplier i. We have chosen to reformulate using the demand-

independent cost to use identical reformulations for SS and SA. Moreover, it can be

readily checked that, for our model, the maximum service level in the formulation using

the total service cost as the effort is the same as in our reformulation. The next proposition

states the competition equilibrium under SA.

Proposition 5.3: Consider SA competition and assume that �ð p� c� kÞ=25 z. Using the

proportional allocation function in (9), the buyer could induce the suppliers to exert

maximum feasible effort by choosing � ¼ N=ðN� 1Þ. The maximum feasible service level

sSA 4 0 and the minimum promised sojourn time tSA 4 t ¼ k�=z that can be induced are the

solutions to

vðsSAÞ ¼ vtðs
SSÞ ¼ �ð p� c� kÞ=N: ð11Þ

We note that if the number of suppliers N can be chosen by the buyer, the

buyer should choose N ¼ 2 to obtain a minimum promised sojourn time from the suppliers

given by

vtðs
SSÞ ¼ �ð p� c� kÞ=2: ð12Þ

When �ð p� c� kÞ5 z, we can compare the maximum feasible service levels under SS

and SA with the allocation function in (9); we see that sSS 4 sSA, because

vðsSSÞ ¼ �ð p� c� kÞ4 �ð p� c� kÞ=N ¼ vðsSAÞ ð13Þ

where the inequality follows from the fact that p� c4 k. This also means that the

minimum promised sojourn time that can be induced is lower under SS than in SA, i.e. the

buyer can elicit better time-based performance from suppliers under SS approach.
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6. The effect of the penalty level

From Section 2, it is known that the service capacity increases with the penalty level when
the promised sojourn time is kept constant. Proposition 4.4 also states that when � is large
enough, an increase in the promised sojourn time would decrease the chosen service
capacity when the penalty level is kept constant. However, when competition is taken into
account, an increase in the penalty level would increase the promised sojourn time in the
competition equilibrium. It is therefore not immediately clear how the equilibrium service
capacity will change with the penalty level. In the following proposition, we will prove that
the service capacity increases with the penalty level.

Proposition 6.1: Assume B and k are fixed. For any z4 �ð p� c� kÞ, by Proposition 5.2
and 5.3, we have tC 4 t ¼ k�=z, where C¼SA or SS. Let �C be the corresponding service
capacity chosen by the suppliers. We have

d�C

dz
¼

1

k½BrC � ðB� 2Þ�



�ðB� 2ÞðrCÞB þ BðrCÞB�1 � BrC þ ðB� 2Þ

þ rC 1� BðrCÞB�1 þ ðB� 1ÞðrCÞB
� �.

ln
1

1� rC

� ��
: ð14Þ

Moreover, we have d�C=dz4 0.

The above proposition shows that an increase in the penalty level causes an increase in
the service capacity, under both SS and SA. Although theoretically it would always be
beneficial for the buyer to increase the penalty level to induce a higher service capacity, we
remark that, in practice, the actual penalty level depends on the negotiation between the
buyer and the suppliers, and is also restricted by the limited liability of the suppliers.
Nevertheless, the proposition ensures that, in orchestrating a competition specified in our
model, it would be beneficial for the buyer to use the highest possible penalty level.

7. Concluding remarks

In this article, we have studied a model of outsourcing to N make-to-order suppliers via
competition based on time-based performance. A fixed penalty is imposed to the supplier
for failing to fulfil the sojourn time requirement in more than one order of a fixed-size
batch. It was found that the promised sojourn time has to be high enough so that the
suppliers will work efficiently. We then showed how the buyer can orchestrate a
competition to induce the suppliers to promise a low sojourn time. Finally, we showed that
the service capacity chosen by the suppliers in the equilibrium increases with the penalty
level.

In our model, we only considered the case when the supplier is penalised for not
fulfiling the promised sojourn time requirement for more than one order in a batch of size
B. It is possible to consider the case when the supplier is penalised for not fulfilling the
requirement in more than i orders in a batch. The analysis will be more difficult because
the probability of being penalised will have more terms. It is expected that similar results
will be obtained when i is small relative to B.

Also, in our model, the penalty level for a supplier is fixed regardless of the number of
orders in which the sojourn time requirement is not fulfilled. This fixed penalty level makes
the model more mathematically tractable and simplifies the administrative process
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in practice. However, this gives suppliers incentives to work at the lowest service capacity
�i ¼ �i when the penalty is too low. In the future, it is possible to further investigate the
case with a penalty level that depends on the number of orders for which the sojourn time
requirement is not satisfied. Despite the limitations stated above, our model showed how
the buyer could orchestrate a competition based on a promised sojourn time to induce
high service capacities. We also showed that an increase in penalty level is always beneficial
to the buyer.

Delivery performance and quality are two of the ‘five golden matrices’ (Coyle et al.
2008) in producing goods and services, and fast delivery is so important in a lot of fast-
flow-industry that it may become a key factor of quality on its own. Since this article
provides insights and strategies to induce high service capacities in outsourcing which also
leads to a better delivery performance, its usefulness in the supply chain quality
management should be significant.

Although our model has focused on inducing a high time-based performance level from
suppliers, similar techniques can be applied to induce other measures of service or product
quality from suppliers offering a promised quality level. The resource decision implied by
the suppliers’ promised quality level may take a different form depending on the
relationship between the supplier’s resource (service capacity in our case) and its
probability of meeting the quality promise. Nevertheless, it is expected that the buyer can
formulate and orchestrate a similar competition to induce high quality from the suppliers.
Hence, possible extensions of our results here may also contribute to the supply chain
quality management.
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Appendix 1. Proof of Lemma 4.1

Proof: Let GðrÞ ¼ BðB� 1ÞrB�2ð1� rÞ2; then we have G0ðrÞ ¼ BðB� 1Þð1� rÞrB�3ðB� 2� BrÞ.
Setting G0ðrÞ ¼ 0 gives r ¼ B�2

B or r ¼ 0. Moreover,

G0ðrÞ4 0 for r 2 0,
B� 2

B

� �

G0ðrÞ5 0 for r 2
B� 2

B
, 1

� �
8>>><
>>>:

Therefore, GðrÞ is maximised at r ¼ B�2
B . The maximum value is then given by

G
B� 2

B

� �
¼

4ðB� 1ÞðB� 2ÞB�2

BB�1
4 0:

There are three cases to be considered.

Case 1: When �5 b, the left-hand side of Equation (6) is at most �=b, which is always less than 1.
Thus the equation admits no solution.

Case 2: When � ¼ b, the left-hand-side of Equation (6) equals one if and only if r maximises GðrÞ,
i.e. at r ¼ B�2

B . Therefore, the equation admits exactly one solution.

Case 3: When �4 b, the left-hand side of Equation (6) first increases from 0 to �=b4 1, and then
decreases to zero again. This means that the equation admits two solutions, r1 and r2, with
r1 2 ð0,

B�2
B Þ and r2 2 ð

B�2
B , 1Þ. Moreover,

g00t ðrÞ ¼
k

ð1� rÞ2t
þ zBðB� 1ÞrB�3 ðB� 1Þr� ðB� 2Þ½ �:

Since r2 is a solution to (6), g00t ðr2Þ ¼ zBðB� 1ÞrB�22 þ zBðB� 1ÞrB�32 ½ðB� 1Þr2 � ðB� 2Þ�: Then
we have

g00t ðr2Þ ¼ zBðB� 1ÞrB�32 ðBr2 � ðB� 2Þ½ �4 0 ðA1Þ
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as r2 4 B�2
B . This implies that r2 is a local minimum point of gt. Any other local minimum point in

the interval ð0, 1Þ must also satisfy Equation (6), but replacing r2 with r1 in Equation (A1) gives a
negative second derivative. Hence r1 is not an local minimum point. Therefore, r2 is the unique local
minimum point of gt over ð0, 1Þ. œ

Appendix 2. Proof of Lemma 4.2

Proof: Since r�� is the solution to Equation (6), we have �BðB� 1Þðr��ÞB�2ð1� r��Þ2 ¼ 1 for all
�4 b. Differentiating both sides with respect to �, we get

BðB� 1Þðr��ÞB�2ð1� r��Þ2 þ �BðB� 1Þð1� r��Þðr��ÞB�3 ðB� 2Þ � Br��½ �
dr��

d�
¼ 0:

Re-arranging the above equation, we have dr��

d� ¼ �
r��ð1�r��Þ

�½ðB�2Þ�Br���, which is positive since r��4 B�2
B . œ

Appendix 3. Proof of Proposition 4.3

Proof: By Lemma 4.1, there exists r�� 2 B�2
B

� �
such that r�� is the unique local minimum point for

r 2 ½0, 1Þ. As r! 1�, gtðrÞ ! þ1. Also, limr!0þ gtðrÞ ¼ z. For r�� to be the unique global minimum
point of gtðrÞ over ½0, 1Þ,

gtðr
��Þ ¼ kt�1 ln

1

1� r��

� �
þ z 1� Bðr��ÞB�1 þ ðB� 1Þðr��ÞB

� �
5 z,

or

ln
1

1� r��

� �
�
zt

k
ðr��ÞB�1 B� ðB� 1Þr��½ �5 0: ðC1Þ

Making use of Equation (6), the condition in (C1) is equivalent to

ln
1

1� r��

� �
�

r��

ð1� r��Þ2
1

B� 1
�
r��

B


 �
5 0: ðC2Þ

Let hðrÞ ¼ ln 1
1�r

� �
� r
ð1�rÞ2

1
B�1�

r
B

� �
for r 2 ½0, 1Þ. It can be readily seen that hð0Þ ¼ 0. Moreover,

applying the L’Hospital’s rule,

lim
r!1�

ln 1
1�r

� �
r

ð1�rÞ2
1

B�1�
r
B

� � ¼ lim
r!1�

1
1�r

1þr
ð1�rÞ3

1
B�1�

2r
B

1
ð1�rÞ3

¼ lim
r!1�

BðB� 1Þð1� rÞ2

Bð1þ rÞ � 2ðB� 1Þr
¼ 0: ðC3Þ

Because both ln 1
1�r

� �
and r

ð1�rÞ2
1

B�1�
r
B

� �
are positive, this means that hðrÞ is negative when r is

sufficiently close to 1. We also have

h0ðrÞ ¼
BðB� 1Þð1� rÞ2 þ ðB� 2Þr� B

BðB� 1Þð1� rÞ3
¼
ðB� 1Þð1� rÞ þ 1½ � Bð1� rÞ � 2½ �

BðB� 1Þð1� rÞ3
:

It can be seen that h0ðrÞ ¼ 0 if and only if r ¼ B�2
B . Also, hðrÞ is increasing in 0, B�2

B

� �
and decreasing in

B�2
B , 1

� �
. Because h B�2

B

� �
4 hð0Þ ¼ 0 and hðrÞ is negative when r is sufficiently close to 1, by the

intermediate value theorem, we know that there exists r0 2
B�2
B , 1

� �
such that hðr0Þ ¼ 0. For any

r4 r0, hðrÞ5 hðr0Þ ¼ 0 since hðrÞ is decreasing for r 2 B�2
B , 1

� �
.

From Lemma 4.2, we know that r�� is increasing in �. If we can show that there exists �0 such
that r�� ¼ r0, for any �4 �0, r��4 r0 and thus condition (C2) will be satisfied. Re-arranging
Equation (6), we have BðB� 1ÞrB�2ð1� rÞ2 ¼ 1

�. When � approaches positive infinity, r�� approaches
1 because the solution of the equation BðB� 1ÞrB�2ð1� rÞ2 ¼ 0 is r ¼ 0 or r ¼ 1 and r��4 B�2

B 4 0.
When � approaches b from the above, r�� approaches B�2

B . Since r0 2
B�2
B , 1

� �
, there exists �0 such that

r�� ¼ r0, and the proof is then complete. œ
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Appendix 4. Proof of Proposition 4.4

Proof: Let r�� be the solution of (6) in ðB�2B , 1Þ. Substituting r�� ¼ 1� e�ð�
��
i ��iÞt, we have

zt

k
BðB� 1Þ 1� e�ð�

��
i ��iÞt

� B�2
e�ð�

��
i ��iÞt

� 2
¼ 1:

By the implicit function theorem, differentiating both sides with respect to t and rearranging the
terms, we get

d���i
dt
� t Be�ð�

��
i ��iÞt � 2

h i
¼ �

1

t
1� e�ð�

��
i ��iÞt

� 
� ð���i � �iÞ Be

�ð���i ��iÞt � 2
h i

: ðD1Þ

Then we have

d���i
dt
¼ �

���i � �i
t
þ

1� e�ð�
��
i ��iÞt

t2 Bð1� e
�ð���

i
��iÞtÞ � ðB� 2Þ

h i : ðD2Þ

Next we shall show that there exists t such that
d���i
dt 5 0 for all t4 t. Let

h2ðrÞ ¼ � ln
1

1� r

� �
þ

r

Br� ðB� 2Þ
: ðD3Þ

Then

d���i
dt
¼

1

t2
h2 1� e�ð�

��
i ��iÞt

� 
¼

1

t2
h2ðr

��Þ: ðD4Þ

Differentiating h2ðrÞ we get h
0
2ðrÞ ¼ �

B�2
½Br�ðB�2Þ�2

� 1
1�r which is negative for r 2 B�2

B , 1
� �

. We also note

that limr!ðB�2B Þ
þ h2ðrÞ ¼ þ1 and limr!1� h2ðrÞ ¼ �1. Therefore, there exists some r1 2

B�2
B , 1

� �
such

that h2ðrÞ5 0 for r4 r1. As r�� is increasing in t, as proved in Lemma 4.2, let �1 ¼ ½BðB� 1Þ�

rB�21 ð1� r1Þ
2
�
�1. Define � ¼ maxf�0, �1g. Then we see that

d���i
dt 5 0 for any t4 t ¼ k�=z. œ

Appendix 5. Proof of Proposition 5.1

Proof: By the chain rule and then applying the envelope theorem, we have

d

dsi
vðsiÞ ¼

dt

dsi
�
d

dt
min
r2ð0,1Þ

gðt, rÞ


 �
¼ �s�2i �

@g

@t
ðt, rÞ r¼r�� ¼ �s

�2
i

�� � �kt�2 ln
1

1� r��

� �
 �
4 0: ðE1Þ

Thus, vðsiÞ is increasing in si. It is then obvious that f ðsi, �iÞ is also increasing in si. Finally, we note
that limsi!1 fsðsi, �iÞ ¼ f ðt, �iÞ ¼ k�i þ z. œ

Appendix 6. Proof of Proposition 5.2

Proof: The expected supplier profit functions are given by

�SSi ðei, e�iÞ ¼ �
SS
i ðei, e�iÞ �ð p� cÞ � �k� eið Þ: ðF1Þ

By Proposition 4.3 in Benjaafar et al. (2007), we know that a unique Nash equilibrium exists for any
�4 0. Also, the buyer could induce the supplier to exert maximum feasible effort by letting � !1.

The maximum feasible effort is given by eSS ¼ �ð p� c� kÞ. The corresponding service level sSS is

the unique solution to vsðsiÞ ¼ �ð p� c� kÞ. We then obtain tSS by vðsSSÞ ¼ vtðt
SSÞ. œ
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Appendix 7. Proof of Proposition 5.3

Proof: The expected supplier profit functions are given by

�SAi ðei, e�iÞ ¼ �iðei, e�iÞ �ð p� c� kÞ½ � � ei: ðF1Þ

By Theorem 1 and Proposition 2 in Benjaafar et al. (2007), we know that a unique Nash equilibrium
exists for any 05 � � N=ðN� 1Þ. For a fixed N, the buyer could induce the supplier to exert
maximum feasible effort by choosing � ¼ N=ðN� 1Þ. The maximum feasible effort is given by
eSA ¼ �ð p� c� kÞ=N: The corresponding service level sSA is the unique solution to vðsSAÞ ¼
�ð p� c� kÞ=N. We then get tSA by vðsSAÞ ¼ vtðt

SAÞ. œ

Appendix 8. Proof of Proposition 6.1

Proof: For any z4 �ð p� c� kÞ, the value of tC in the Nash equilibrium is given by Equations (10)
and (11), i.e. vtðt

SSÞ ¼ minr2½0,1Þ gðt
SS, rÞ ¼ �ð p� c� kÞ and vtðt

SAÞ ¼ minr2½0,1Þ gðt
SA, rÞ ¼ �ð p�

c� kÞ=2. It should be noted that vtð�Þ depends on z. Differentiating Equations (10) and (11) with
respect to z yield the same result, which is

@

@z
gðtC, rÞ

����
r¼rC
¼ �

k

ðtCÞ2
ln

1

ð1� rCÞ

� �
@tC

@z
þ 1� BðrCÞB�1 þ ðB� 1ÞðrCÞB
� �

¼ 0

where rC ¼ 1� e�ð�
C��ÞtC . Rearranging the terms gives

@tC

@z
¼

1

k
ðtCÞ2 ð1� BðrCÞB�1 þ ðB� 1ÞðrCÞB

� �
= ln

1

1� rC

� �
: ðH1Þ

The level of service capacity �C corresponding to z and tC is given by

ztC

k
BðB� 1Þ 1� e�ð�

C��iÞt
C

� B�2
e�ð�

C��iÞt
C

� 2
¼ 1: ðH2Þ

Applying the implicit function theorem to Equation (H2), when

tC B 1� e�ð�
C��iÞt

C
� 

� ðB� 2Þ
h i

6¼ 0, ðH3Þ

�C can be expressed as a function of z and tC. Note that condition (H3) always holds when
�C ¼ ztC=k4 �, since rC 4 ðB� 2Þ=B. Differentiating Equation (H2) with respect to z and tC

respectively, we have

@�C

@z
¼

1� e�ð�
C��iÞt

C

ztC Bð1� e�ð�
C��iÞtC Þ � ðB� 2Þ

� �
and

@�C

@tC
¼ �

�C � �i
tC

þ
1� e�ð�

C��iÞt
C

ðtCÞ2½Bð1� e�ð�C��iÞtC Þ � ðB� 2Þ�
:

Then the total derivative of �C with respect to z is

d�C

dz
¼
@�C

@z
þ
@�C

@tC
�
@tC

@z
: ðH4Þ
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Using the substitution rC ¼ 1� e�ð�
C��iÞt

C

, this becomes

d�C

dz
¼

rC

ztC½BrC � ðB� 2Þ�
þ

1

ðtCÞ2
rC

BrC � ðB� 2Þ
� ln

1

1� rC

� �
 �

�
1

k
ðtCÞ2 ð1� BðrCÞB�1 þ ðB� 1ÞðrCÞB

� �
= ln

1

1� rC

� �
 �

¼
rC

ztC½BrC � ðB� 2Þ�
þ

1

k

rC

BrC � ðB� 2Þ
= ln

1

1� rC

� �
� 1


 �

� 1� BðrCÞB�1 þ ðB� 1ÞðrCÞB
� �

:

By the first-order condition, i.e. Equation (6), we have 1
ztC
¼

BðB�1ÞðrCÞB�2ð1�rCÞ2

k . Substituting this into
the expression for d�C=dz, we get

d�C

dz
¼

BðB� 1Þð1� rCÞ2ðrCÞB�1

k½BrC � ðB� 2Þ�
þ
1� BðrCÞB�1 þ ðB� 1ÞðrCÞB

k

rC

BrC � ðB� 2Þ
= ln

1

1� rC

� �
� 1


 �

¼
BðB� 1Þð1� rCÞ2ðrCÞB�1

k½BrC � ðB� 2Þ�
�
1� BðrCÞB�1 þ ðB� 1ÞðrCÞB

k

þ
1� BðrCÞB�1 þ ðB� 1ÞðrCÞB

k
�

rC

BrC � ðB� 2Þ

.
ln

1

1� rC

� �

¼
BðB� 1Þð1� rCÞ2ðrCÞB�1 � 1� BðrCÞB�1 þ ðB� 1ÞðrCÞB

� �
½BrC � ðB� 2Þ�

k½BrC � ðB� 2Þ�

þ
1� BðrCÞB�1 þ ðB� 1ÞðrCÞB

k
�

rC

BrC � ðB� 2Þ

.
ln

1

1� rC

� �

¼
1

k½BrC � ðB� 2Þ�



�ðB� 2ÞðrCÞB þ BðrCÞB�1 � BrC þ ðB� 2Þ

þ rC 1� BðrCÞB�1 þ ðB� 1ÞðrCÞB
� �.

ln
1

1� rC

� ��
: ðH5Þ

Equation (14) then follows.
To prove that d�C=dz4 0, we note that

d�C

dz
4
�ðB� 2ÞðrCÞB þ BðrCÞB�1 � BrC þ ðB� 2Þ

k½BrC � ðB� 2Þ�
: ðH6Þ

Since rC 4 ðB� 2Þ=B, i.e. BrC � ðB� 2Þ4 0. We will prove that the numerator is positive for
rC 4 ðB� 2Þ=B. Let

h3ðrÞ ¼ �ðB� 2ÞðrCÞB þ BðrCÞB�1 � BrC þ ðB� 2Þ:

Then

h03ðrÞ ¼ �BðB� 2ÞðrCÞB�1 þ BðB� 1ÞðrCÞB�2 � B

¼ �B 1� ðB� 1ÞðrCÞB�2ð1� rCÞ � ðrCÞB�1
� �

¼ �B rC þ ð1� rCÞ
� �B�1

�ðB� 1ÞðrCÞB�2ð1� rCÞ � ðrCÞB�1
h i

¼ �B
XB�3
k¼0

B� 1

k

� �
ðrCÞkð1� rCÞB�k�1 5 0:

Moreover, h3ð1Þ ¼ 0. Therefore, we conclude that h3ðrÞ4 0 for r 2 B�2
B , 1

� �
. That implies that

d�C=dz4 0. œ
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